A generalization of twisted modules over vertex algebras by Tanabe, Kenichiro
ar
X
iv
:1
20
3.
40
24
v2
  [
ma
th.
QA
]  1
7 D
ec
 20
13 A generalization of twisted modules over
vertex algebras
Kenichiro Tanabe∗
Department of Mathematics
Hokkaido University
Kita 10, Nishi 8, Kita-Ku, Sapporo, Hokkaido, 060-0810
Japan
ktanabe@math.sci.hokudai.ac.jp
Abstract
For an arbitrary positive integer T we introduce a notion of a
(V, T )-module over a vertex algebra V , which is a generalization of
a twisted V -module. Under some conditions on V , we construct an
associative algebra ATm(V ) for m ∈ (1/T )N and an A
T
m(V )-A
T
n (V )-
bimodule ATn,m(V ) for n,m ∈ (1/T )N and we establish a one-to-one
correspondence between the set of isomorphism classes of simple left
AT0 (V )-modules and that of simple (1/T )N-graded (V, T )-modules.
2010 Mathematics Subject Classification. Primary 17B69; Secondary
17B68.
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1 Introduction
Twisted modules (or twisted sectors) were introduced in the study
of the so-called orbifold models of conformal field theory (cf. [2, 3]).
∗This research was partially supported by JSPS Grant-in-Aid for Scientific Research
No. 24540003.
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Let V be a vertex operator algebra and G a finite automorphism
group of V . In terms of vertex operator algebras, the study of the
orbifold models corresponds to the study of the subalgebra V G of G-
invariants in V . One of the main problems about V G is to describe
the V G-modules in terms of V and G. Twisted modules have been
studied systematically as representations of V related to this problem
(cf. [6, 11, 13, 15]). For g ∈ G, every g-twisted V -module becomes a
V G-module. Moreover, it is conjectured that under some conditions
on V , every simple V G-module is contained in some simple g-twisted
V -module for some g ∈ G (cf. [2]). However, the following easy
observation tells us an inconvenience of twisted V -modules from the
representation theoretic viewpoint: let g, h be two different elements of
G, M a g-twisted V -module and N an h-twisted V -module. Although
the direct sumM⊕N is a V G-module, this is not a (twisted) V -module
in general. This is one of obstructions to develop the representation
theory of V G.
In this paper, for a vertex algebra V and a positive integer T
we first introduce a notion of a (V, T )-module (cf. Definition 2.1),
which is a generalization of a twisted V -module, in order to resolve
the inconvenience just mentioned above. Roughly speaking, a (V, T )-
module is a “twisted V -module” without automorphisms. We next
generalize some results by Zhu[17] to (V, T )-modules. In [17], if V is a
vertex operator algebra, then Zhu constructed an associative algebra
A(V ) and established a one-to-one correspondence between the set of
isomorphism classes of the simpleA(V )-modules and that of the simple
V -modules with some conditions. Some generalizations of A(V ) have
been obtained in [4, 5, 6, 7, 8] and they have played an important
role in the representation theory of V . We shall show the following
results for a vertex algebra V with a grading V = ⊕∞i=∆Vi such that
∆ ∈ Z≤0, 1 ∈ V0 and for all homogeneous element a ∈ V , aiVj ⊂
Vwt a−1−i+j , where Vi = 0 for i < ∆. For every positive integer T
and n,m ∈ (1/T )N, we shall construct an associative algebra ATm(V )
and an ATn (V )-A
T
m(V )-bimodule A
T
n,m(V ) in Theorem 4.5. If T = 1,
then ATn,m(V ) is the same as An,m(V ) in [5] and A
T
n (V ) is the same
as An(V ) in [7]. In particular, A
1
0(V ) is the same as A(V ) in [17].
For an automorphism g of V of finite order, Ag,n,m(V ) in [6, 8] is
a quotient of A
|g|
n,m(V ). For m ∈ (1/T )N and a left ATm(V )-module
U , we shall show in Theorem 5.13 that the (1/T )N-graded vector
space M(U) = ⊕n∈(1/T )NATn,m(V )⊗ATm(V ) U has a structure of (V, T )-
modules with a universal property. In Corollary 5.14, we establish
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a one-to-one correspondence between the set of isomorphism classes
of simple AT0 (V )-modules and that of simple (1/T )N-graded (V, T )-
modules.
The organization of the paper is as follows. In Section 2 we in-
troduce a notion of a (V, T )-module. In Section 3 we introduce a
subspace OT,1n,m(α, β; z) of C[z, z−1] for n,m ∈ (1/T )N and α, β ∈ Z
and study its properties. In Section 4 we construct an associative alge-
bra ATm(V ) and an A
T
n (V )-A
T
m(V )-bimodule A
T
m(V ) for n,m ∈ (1/T )N
by using the results in Section 4. In Section 5 we introduce a notion
of a (1/T )N-graded (V, T )-module and study a relation between the
left ATm(V )-modules and the (1/T )N-graded (V, T )-modules. Section
6 consists of two subsections. In Subsection 6.1 we compute the de-
terminant of a matrix used in Section 3. In Subsection 6.2 we improve
some results in [16]. In Section 7 we list some notations.
2 (V, T )-modules
We assume that the reader is familiar with the basic knowledge on
vertex algebras as presented in [1, 6, 14].
Throughout this paper, N denotes the set of all non-negative in-
tegers, T is a fixed positive integer and (V, Y,1) is a vertex algebra.
Recall that V is the underlying vector space, Y (−, x) is the linear map
from V to (EndV )[[x, x−1]], and 1 is the vacuum vector. For i, j ∈ Z,
define
Z≤i = {k ∈ Z | k ≤ i},
Z≥i = {k ∈ Z | k ≥ i},
C[x, x−1]≤i = SpanC{x
k | k ≤ i},
C[x, x−1]j,i = SpanC{x
k | j ≤ k ≤ i}.
For f(z) ∈ C[z, z−1] and a, b ∈ V , f(z)|zj=ajb denotes the element of
V obtained from f(z) by replacing zj by ajb for all j ∈ Z. For i, j ∈ Q,
define
δ(i ≤ j) =
{
1 if i ≤ j,
0 if i > j.
(2.1)
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LetM be a vector space over C. Define three linear injective maps
ιx,y :M [[x
1/T , y1/T ]][x−1/T , y−1/T , (x− y)−1]→M((x1/T ))((y1/T )),
ιy,x :M [[x
1/T , y1/T ]][x−1/T , y−1/T , (x− y)−1]→M((y1/T ))((x1/T )),
ιx,x−y :M [[x1/T , y1/T ]][x−1/T , y−1/T , (x− y)−1]→M((y1/T ))((x − y))
by
ιx,yf =
∑
j,k.l
aj,k,l
∞∑
i=0
(
l
i
)
(−1)ixj+l−iyk+i,
ιy,xf =
∑
j,k.l
aj,k,l
∞∑
i=0
(
l
i
)
(−1)l−iyk+l−ixj+i,
ιy,x−yf =
∑
j,k.l
aj,k,l
∞∑
i=0
(
j
i
)
yk+j−i(x− y)l+i
for f =
∑
j,k.l aj,k,lx
jyk(x − y)l ∈ M [[x1/T , y1/T ]][x−1/T , y−1/T , (x −
y)−1], aj,k,l ∈M . We can also define the map
ιx−y,y :M [[x1/T , y1/T ]][x−1/T , y−1/T , (x− y)−1]→M(((x − y)1/T ))((y1/T ))
similarly. Since ιx,y(x − y)
i =
∑∞
j=0
(i
j
)
xi−j(−1)jyj and ιx−y,yxi =∑∞
j=0
(i
j
)
(x−y)i−jyj, we identifyM(((x− y)1/T ))((y1/T )) withM((x1/T ))((y1/T ))
and ιx−y,y with ιx,y.
Now we introduce a generalization of a twisted V -module.
Definition 2.1. Let M be a vector space over C and YM (−, x) a
linear map from V to (EndCM)[[x
1/T , x−1/T ]]. We call (M,YM ) a
(V, T )-module if
(1) For a ∈ V and w ∈M , YM (a, x)w ∈M((x
1/T )).
(2) YM (1, x) = idM .
(3) For a, b ∈ V and w ∈M , there is F (a, b, w|x, y) ∈M [[x1/T , y1/T ]][x−1/T , y−1/T , (x−
y)−1] such that
ιx,yF (a, b, w|x, y) = YM (a, x)YM (b, y)w,
ιy,xF (a, b, w|x, y) = YM (b, y)YM (a, x)w, and
ιy,x−yF (a, b, w|x, y) = YM (Y (a, x− y)b, y)w.
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We note that in Definition 2.1, F (a, b, w|x, y) is uniquely deter-
mined by a, b ∈ V and w ∈M since ιx,y is an injection. For a (V, T )-
module M , a subspace N of M is called (V, T )-submodule of M if
(N,YM |N ) is a (V, T )-module, where YM |N is the restriction of YM to
N . A non-zero (V, T )-moduleM is called simple if there is no submod-
ule ofM except 0 andM itself. For a submoduleN of a (V, T )-module
M , the quotient space M/N is clearly a (V, T )-module. For a set of
(V, T )-modules {Mi}i∈I , the direct sum ⊕i∈IMi is a (V, T )-module.
Remark 2.2. It follows from Lemma 2.4 below that every (V, 1)-
module is a V -module and vice versa and that every g-twisted V -
module is a (V, |g|)-module for an automorphism g of V of finite order.
Let T ′ be a positive multiple of T . Then every (V, T )-module is a
(V, T ′)-module. Thus, for positive integers T1 and T2 the direct sum
of a (V, T1)-module and a (V, T2)-module becomes a (V, T3)-module,
where T3 is a positive common multiple of T1 and T2. Thus, (V, T )-
modules are closed under direct sums in this sense, while twisted V -
modules are not as stated in the introduction.
Example 2.3. We introduce an easy example of simple (V, T )-modules
which is not a twisted V -module. Let U be a simple vertex operator
algebra. Suppose the symmetric group S3 of degree 3 is an auto-
morphism group of U . Let σ, τ ∈ S3 such that |σ| = 3 and |τ | = 2
and M = ⊕j∈(1/3)NM(j) a simple σ-twisted U -module [6]. It fol-
lows from Remark 2.2 that M is a (U, 3)-module. Restricting YM
to U 〈τ〉, M becomes a (U 〈τ〉, 3)-module. We shall show M is a sim-
ple (U 〈τ〉, 3)-module. Let W be a non-zero (U 〈τ〉, 3)-submodule of
M . We denote the subspace ⊕j∈i/3+NM(j) of M by M i, i = 0, 1, 2.
Since τστ = σ−1 6= σ, an improvement of [16, Theorem 2] (see Sub-
section 6.2) implies that M0,M1 and M2 are all inequivalent simple
US3-modules. Thus, W contains at least one of M0,M1 and M2 since
US3 ⊂ U 〈τ〉. We denote the eigenspace {u ∈ U | σu = e−2pi
√−1r/3u} of
σ by U (σ,r),r = 0, 1, 2. It follows by [9, Proposition 3.3] and [12, Theo-
rem 1] that U 〈τ〉 6⊂ U 〈σ〉 and hence there exists a = a0+a1+a2 ∈ U 〈τ〉,
ar ∈ U (σ,r) such that at least one of a1, a2 is not zero. Since
YM (a, x) =
∑
i∈Z
a0ix
−i−1 +
∑
i∈1/3+Z
a1ix
−i−1 +
∑
i∈2/3+Z
a2ix
−i−1
and M is a simple σ-twisted U -module, W contains at least two of
M0,M1 and M2. Repeating the same argument, we obtain that M is
a simple (U 〈τ〉, 3)-module.
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Since at least one of a1, a2 above is not zero, M is not a U 〈τ〉-
module. SupposeM is a g-twisted U 〈τ〉-module for some g ∈ AutU 〈τ〉
of order 3. Then, the eigenspace (U 〈τ〉)(g,r) = {v ∈ U 〈τ〉 | gv =
e−2pi
√−1r/3v} of g is a subspace of U (σ,r) for each r = 0, 1, 2 since
YM(b, x) =
∑
j∈r/3+Z bjx
−j−1 for b ∈ (U 〈τ〉)(g,r). Therefore, (U 〈τ〉)(g,1) =
(U 〈τ〉)(g,2) = 0 since there is no representation ρ of S3 such that
ρ(σ) = e−2pi
√−1r/3 and ρ(τ) = 1 for r = 1, 2. This contradicts to
that the order of g is equal to 3. We conclude that M is not a twisted
U 〈τ〉-module.
Let M be a vector space. For s = 0, . . . , T − 1 and X(x, y) =∑
i,j∈(1/T )ZXijx
iyj ∈ M [[x1/T , x−1/T , y1/T , y−1/T ]], Xij ∈ M , we de-
fine
X(x, y)s,x =
∑
i∈s/T+Z
j∈(1/T )Z
Xijx
iyj and
X(x, y)s,y =
∑
i∈(1/T )Z
j∈s/T+Z
Xijx
iyj (2.2)
in M [[x1/T , x−1/T , y1/T , y−1/T ]]. In the same way, for s = 0, . . . , T − 1
andX(x, y) =
∑
i,j∈(1/T )Z
∑
k∈ZXijkx
iyj(x−y)k ∈M [[x1/T , y1/T ]][x−1/T , y−1/T , (x−
y)−1], we define
X(x, y)s,x =
∑
i∈s/T+Z
j∈(1/T )Z
∑
k∈Z
Xijkx
iyj(x− y)k and
X(x, y)s,y =
∑
i∈(1/T )Z
j∈s/T+Z
∑
k∈Z
Xijkx
iyj(x− y)k (2.3)
in M [[x1/T , y1/T ]][x−1/T , y−1/T , (x− y)−1]. Clearly
T−1∑
s=0
X(x, y)s,x =
T−1∑
s=0
X(x, y)s,y = X(x, y).
For 0 ≤ s ≤ T − 1, j ∈ s/T + Z, k ∈ (1/T )Z and l ∈ Z, the following
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fact is well known and straightforward:
x−10 δ(
x1 − x2
x0
)ιx1,x2
(
(xj1x
k
2x
l
0)|x0=x1−x2
)
− x−10 δ(
−x2 + x1
x0
)ιx2,x1
(
(xj1x
k
2x
l
0)|x0=x1−x2
)
= x−11 (
x2 + x0
x1
)−s/T δ(
x2 + x0
x1
)ιx2,x0
(
(xj1x
k
2x
l
0)|x1=x2+x0
)
. (2.4)
The argument in the proof of the following lemma is well known
(cf. [14, Sections 3.2–3.4]).
Lemma 2.4. Let A(x1, x2) ∈M((x
1/T
1 ))((x
1/T
2 )), B(x2, x1) ∈M((x
1/T
2 ))((x
1/T
1 )),and
C(x2, x0) ∈ M((x
1/T
2 ))((x0)). Then, the three following conditions are
equivalent.
(1) There is F ∈M [[x
1/T
1 , x
1/T
2 ]][x
−1/T
1 , x
−1/T
2 , (x1−x2)
−1] such that
ιx1,x2F = A(x1, x2), ιx2,x1F = B(x2, x1), and
ιx2,x1−x2F = C(x2, x1 − x2).
(2) There are C [s](x2, x0) ∈ M((x
1/T
2 ))((x0)), s = 0, . . . , T − 1 such
that
∑T−1
s=0 C
[s](x2, x0) = C(x2, x0) and
x−10 δ(
x1 − x2
x0
)A(x1, x2)
s,x1 − x−10 δ(
−x2 + x1
x0
)B(x2, x1)
s,x1
= x−11 (
x2 + x0
x1
)−s/T δ(
x2 + x0
x1
)C [s](x2, x0). (2.5)
(3) There are positive integers l, q and C [s](x2, x0) ∈M((x
1/T
2 ))((x0)), s =
0, . . . , T − 1 such that
∑T−1
s=0 C
[s](x2, x0) = C(x2, x0),
(x1 − x2)
lA(x1, x2) = (x1 − x2)
lB(x2, x1) (2.6)
in M [[x
1/T
1 , x
1/T
2 , x
−1/T
1 , x
−1/T
2 ]] and
ιx0,x2(x0 + x2)
−s/T+q(A(x1, x2)s,x1)|x1=x0+x2
= ιx2,x0(x2 + x0)
−s/T+qC [s](x2, x0) (2.7)
in M [[x0, x
1/T
2 , x
−1
0 , x
−1/T
2 ]].
In this case, F and C [s](x2, x0), s = 0, . . . , T − 1 are uniquely deter-
mined by A(x1, x2), B(x2, x1) and C(x2, x0).
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Proof. We show (1) implies (2). Define C [s](x2, x0) ∈ M((x
1/T
2 ))((x0))
by C [s](x2, x1 − x2) = ιx2,x1−x2F s,x1 ∈ M((x
1/T
2 ))((x1 − x2)) for s =
0, . . . , T−1. Clearly,
∑T−1
s=0 C
[s](x2, x0) = C(x2, x0). Since ιx1,x2F
s,x1 =
A(x1, x2)
s,x1 and ιx2,x1F
s,x1 = B(x2, x1)
s,x1 for s = 0, . . . , T − 1, (2.5)
follows from (2.4).
We show (2) implies (3). Let l be a positive integer such that
xl0C
[s](x2, x0) ∈ M((x
1/T
2 ))[[x0]] for all s = 0, . . . , T − 1. Multiplying
(2.5) by xl0 and then taking Resx0 , we have (x1 − x2)
lA(x1, x2)
s,x1 =
(x1−x2)
lB(x2, x1)
s,x1 and hence (2.6). Let q be a positive integer such
that x
−s/T+q
1 B(x2, x1)
s,x1 ∈ M((x
1/T
2 ))[[x1]] for all s = 0, . . . , T − 1.
Multiplying (2.5) by x
−s/T+q
1 and then taking Resx1 , we have (2.7).
We show (3) implies (1). Since the left-hand side of (2.6) is an ele-
ment ofM((x
1/T
1 ))((x
1/T
2 )) and the right-hand side of (2.6) is an element
of M((x
1/T
2 ))((x
1/T
1 )), G = (x1 − x2)
lA(x1, x2)(= (x1 − x2)
lB(x2, x1))
is an element of M [[x
1/T
1 , x
1/T
2 ]][x
−1/T
1 , x
−1/T
2 ]. Define
F = (x1 − x2)
−lG ∈M [[x1/T1 , x
1/T
2 ]][x
−1/T
1 , x
−1/T
2 , (x1 − x2)
−1].
It is clear that ιx1,x2F = A(x1, x2) and ιx2,x1F = B(x2, x1). Applying
the same argument to (2.7), we obtainHs ∈M [[x
1/T
1 , x
1/T
2 ]][x
−1/T
1 , x
−1/T
2 , (x1−
x2)
−1], s = 0, . . . , T − 1 such that
ιx1−x2,x2Hs = A(x1, x2)
s,x1 = A((x1 − x2) + x2, x2)
s,x1 and
ιx2,x1−x2Hs = C
[s](x2, x1 − x2).
Since M(((x1 − x2)
1/T ))((x
1/T
2 )) = M((x
1/T
1 ))((x
1/T
2 )) and ιx1,x2 is in-
jective, we have F s,x1 = Hs for all s = 0, . . . , T − 1 and therefore
ιx2,x1−x2F = C(x2, x1 − x2).
We show F and C [s](x2, x0), s = 0, . . . , T − 1 are uniquely deter-
mined. Since ιx1,x2 is injective and ιx1,x2F = A(x1, x2), F is uniquely
determined. In the above argument that (3) implies (1), we have
constructed F such that ιx1,x2F = A(x1, x2) and ιx2,x1−x2F s,x1 =
C [s](x2, x1 − x2). Thus, C
[s](x2, x0), s = 0, . . . , T − 1 in (3) are
uniquely determined. A similar argument shows that C [s](x2, x0), s =
0, . . . , T −1 in (2) are uniquely determined and that C [s](x2, x0) in (2)
is the same as that in (3) for each s.
Remark 2.5. The following facts for (2.5) are well known and straight-
forward.
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(1) A direct computation shows that (2.5) is equivalent to
x−10 δ(
x1 − x2
x0
)A(x1, x2)− x
−1
0 δ(
−x2 + x1
x0
)B(x2, x1)
=
1
T
T−1∑
j=0
x−11 δ(e
2pi
√−1j/T (x2 + x0)
1/T
x
1/T
1
)
T−1∑
s=0
e2pi
√−1js/TC [s](x2, x0).
(2.8)
(2) If we writeA(x1, x2) =
∑
p,q A(p,q)x
−p−1
1 x
−q−1
2 , B(x2, x1) =
∑
p,qB(p,q)x
−p−1
2 x
−q−1
1
and C [s](x2, x0) =
∑
p,q C
[s]
(p,q)x
−p−1
2 x
−q−1
0 , whereA(p,q), B(p,q), C(p,q) ∈
M , then we have
∞∑
i=0
(
l
i
)
(−1)i
(
A(l+j−i,k+i) + (−1)l+1B(l+k−i,j+i)
)
=
∞∑
i=0
(
j
i
)
C
[−s]
(j+k−i,l+i) (2.9)
for 0 ≤ s ≤ T − 1, j ∈ s/T + Z, k ∈ (1/T )Z and l ∈ Z by
comparing the coefficients of both sides of (2.5). Thus, a direct
computation shows that (2.5) is also equivalent to the condition
that
Resx1 A(x1, x2)ιx1,x2
(
xj1x
k
2(x1 − x2)
l
)
− Resx1 B(x2, x1)ιx2,x1
(
xj1x
k
2(x1 − x2)
l
)
= Resx1−x2 C
[−s](x2, x1 − x2)ιx2,x1−x2
(
xj1x
k
2(x1 − x2)
l
)
(2.10)
inM [[x
1/T
2 , x
−1/T
2 ]] for all 0 ≤ s ≤ T−1, j ∈ s/T+Z, k ∈ (1/T )Z
and l ∈ Z. Here, Resx is defined by
Resx f(x) = f−1
for f(x) =
∑
i∈(1/T )Z fix
i ∈M [[x1/T , x−1/T ]].
Remark 2.6. For q ∈ Z we denote by M((x
1/T
2 ))((x0))≥q the set of
all elements in M((x
1/T
2 ))((x0)) of the form
∑
i∈(1/T )Z
j∈Z≥q
Xijx
i
2x
j
0. Sup-
pose C(x2, x0) in Lemma 2.4 is an element of M((x
1/T
2 ))((x0))≥q. Since
ιx2,x1−x2x
j
1x
k
2(x1 − x2)
l =
∑∞
i=0
(j
i
)
xk+j−i2 (x1 − x2)
l+i, we see that
F in Lemma 2.4 (1) has the form F = (x1 − x2)
qG, where G ∈
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M [[x
1/T
1 , x
1/T
2 ]][x
−1/T
1 , x
−1/T
2 ]. Thus, C
[s](x2, x1−x2) = ιx2,x1−x2F s,x1 ∈
M((x
1/T
2 ))((x1 − x2))≥q and hence C
[s](x2, x0) ∈ M((x
1/T
2 ))((x0))≥q for
all s = 0, . . . , T − 1.
Let M be a (V, T )-module. For a ∈ V and s = 0, . . . , T − 1, we
define Y sM (a, x) by
Y sM (a, x) =
∑
i∈s/T+Z
aix
−i−1. (2.11)
Let a, b ∈ V and w ∈ M . We apply Lemma 2.4 to A(x1, x2) =
YM(a, x1)YM (b, x2)w, B(x2, x1) = YM (b, x2)YM (a, x1)w and C(x2, x0) =
YM(Y (a, x0)b, x2)w. In this case F in Lemma 2.4 (1) is equal to
F (a, b, w|x1, x2) in Definition 2.1 (3). We denote by Y
(−s)
M (a, b|x2, x0)(w)
the element C [s](x2, x0) ofM((x
1/T
2 ))((x0)), s = 0, . . . , T−1 in this case.
That is,
Y
(s)
M (a, b|x2, x1 − x2)(w) = ιx2,x1−x2(F (a, b, w|x1, x2)
−s,x1), (2.12)
where F (a, b, w|x1, x2)
−s,x1 is defined by (2.3). The conditions in
Lemma 2.4 (2) become
T−1∑
s=0
Y
(s)
M (a, b|x2, x0)(w) = YM (Y (a, x0)b, x2)w (2.13)
and
x−10 δ(
x1 − x2
x0
)Y sM (a, x1)YM (b, x2)w − x
−1
0 δ(
−x2 + x1
x0
)YM (b, x2)Y
s
M (a, x1)w
= x−11 (
x2 + x0
x1
)s/T δ(
x2 + x0
x1
)Y
(s)
M (a, b|x2, x0)(w). (2.14)
The uniqueness of F (a, b, w|x1, x2) for each a, b ∈ V and w ∈ M
implies that for fixed a, b ∈ V the map Y
(s)
M (a, b|x2, x0) : M →
M((x
1/T
2 ))((x0)) is linear and that the map V×V ∋ (a, b) 7→ Y
(s)
M (a, b|x2, x0) ∈
HomC(M,M((x
1/T
2 ))((x0))) is bilinear. We write
Y
(s)
M (a, b|x2, x0) =
∑
i∈(1/T )Z
∑
j∈Z
Y
(s)
M (a, b; i, j)x
−i−1
2 x
−j−1
0 ,
where Y
(s)
M (a, b; i, j) ∈ EndCM .
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Remark 2.7. Let g be an automorphism of V of finite order, t
a positive multiple of |g| and (M,YM ) a g-twisted V -module. As
stated in Remark 2.2, (M,YM ) is a (V, t)-module by Lemma 2.4. We
explain what is Y
(s)
M (a, b|x2, x0) for a, b ∈ V and s = 0, . . . , t − 1
in this case. We denote by V (g,r), r = 0, . . . , t − 1 the eigenspace
{v ∈ V | gv = e−2pi
√−1r/tv} of g. For a ∈ V , we denote by a(g,r) the
r-th component of a in the decomposition V = ⊕t−1r=0V
(g,r), that is,
a =
∑t−1
r=0 a
(g,r), a(g,r) ∈ V (g,r).
Let 0 ≤ s ≤ t− 1, a, b ∈ V and w ∈M . Since
(YM (a, x1)YM (b, x2)w)
−s,x1 = YM (a(g,s), x1)YM (b, x2)w and
(YM (b, x2)YM (a, x1)w)
−s,x1 = YM (b, x2)YM (a(g,s), x1)w,
it follows by (2.5) that
Y
(s)
M (a, b|x2, x0)(w) = YM(Y (a
(g,s), x0)b, x2)w. (2.15)
Let a, b ∈ V , w ∈ M , j, k ∈ (1/T )Z, l ∈ Z and s the integer
uniquely determined by the conditions 0 ≤ s ≤ T − 1 and s/T ≡ j
(mod Z). It follows by (2.9) or by comparing the coefficients of both
sides of (2.14) that
∞∑
i=0
(
j
i
)
Y
(s)
M (a, b; j + k − i, l + i)(w)
=
∞∑
i=0
(
l
i
)
(−1)i(al+j−ibk+i + (−1)l+1bl+k−iaj+i)w. (2.16)
It follows by (2.10) that
Resx1−x2 ιx2,x1−x2
(
xj1x
k
2(x1 − x2)
l
)
Y
(s)
M (a, b|x2, x1 − x2)(w)
= Resx1 ιx1,x2
(
xj1x
k
2(x1 − x2)
l
)
YM (a, x1)YM (b, x2)w
− Resx1 ιx2,x1
(
xj1x
k
2(x1 − x2)
l
)
YM (b, x2)YM (a, x1)w
= Resx1 ιx1,x2
(
xj1x
k
2(x1 − x2)
l
)
Y sM (a, x1)YM (b, x2)w
− Resx1 ιx2,x1
(
xj1x
k
2(x1 − x2)
l
)
YM (b, x2)Y
s
M (a, x1)w. (2.17)
Lemma 2.8. We use the notation above. Let L be an integer such
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that aib = 0 for all i ∈ Z≥L+1. Then
Y
(s)
M (a, b; j + k, l)(w)
=
L−l∑
m=0
(
−j
m
) ∞∑
i=0
(
l +m
i
)
(−1)i(al+m+j−ibk−m+i + (−1)l+m+1bl+k−iaj+i)w.
(2.18)
Proof. It follows from Remark 2.6 that Y
(s)
M (a, b|x2, x0)(w) ∈M((x
1/T
2 ))((x0))≥−L−1.
Thus, if l > L, then the both-sides of (2.18) are equal to 0. Suppose
l ≤ L. Define
R(m) =
∞∑
i=0
(
m
i
)
(−1)i(am+j−ibk−m+l+i + (−1)m+1bl+k−iaj+i)w
for m ∈ Z≤L. Since

1 0 · · · · · · 0(
j
1
)
1
. . .
...(j
2
) . . . . . . . . . ...
...
. . .
. . .
. . . 0( j
L−l
)
· · ·
(j
2
) (j
1
)
1




Y
(s)
M (a, b; j + k + l − L,L)(w)
Y
(s)
M (a, b; j + k + l − L+ 1, L− 1)(w)
...
Y
(s)
M (a, b; j + k, l)(w)


=


R(L)
R(L− 1)
...
R(l)


by (2.16), we have

Y
(s)
M (a, b; j + k + l − L,L)(w)
Y
(s)
M (a, b; j + k + l − L+ 1, L− 1)(w)
...
Y
(s)
M (a, b; j + k, l)(w)


=


1 0 · · · · · · 0(−j
1
)
1
. . .
...(−j
2
) . . . . . . . . . ...
...
. . .
. . .
. . . 0( −j
L−l
)
· · ·
(−j
2
) (−j
1
)
1




R(L)
R(L− 1)
...
R(l)

 .
This implies (2.18).
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Let a, b ∈ V , w ∈ M , j, k ∈ (1/T )Z, l ∈ Z and s the integer
uniquely determined by the conditions 0 ≤ s ≤ T − 1 and s/T ≡ j
(mod Z). It follows by Lemma 2.4 that F (a,1, w|x1, x2) = YM (a, x1)w
since
YM (a, x1)YM (1, x2)w = YM (a, x1)w
∈M [[x
1/T
1 , x
1/T
2 ]][x
−1/T
1 , x
−1/T
2 , (x1 − x2)
−1].
Comparing the coefficients of
ιx2,x1−x2x
j
1Y
(s)
M (a,1|x2, x1 − x2)(w)
=
∑
k∈(1/T )Z
∑
l∈Z
∞∑
i=0
(
j
i
)
Y
(s)
M (a,1; j + k − i, l + i)(w)x
−k−1
2 (x1 − x2)
−l−1
and
ιx2,x1−x2x
j
1Y
s
M (a, x1)w
=
∑
k∈Z
∑
l∈Z
(
k
−l− 1
)
(−1)l+1aj+k+l+1wx
−k−1
2 (x1 − x2)
−l−1,
we have
−l−1∑
i=0
(
j
i
)
Y
(s)
M (a,1; j + k − i, l + i)(w)
=


(
k
−l − 1
)
(−1)l+1aj+k+l+1w if k ∈ Z,
0 if k 6∈ Z.
(2.19)
Here, we used Y
(s)
M (a,1|x2, x1 − x2)(w) ∈ M((x
1/T
2 ))[[x1 − x2]] by Re-
mark 2.6. We can also obtain (2.19) by taking b = 1 in (2.16). Taking
l = −1 in (2.19), we have
Y
(s)
M (a,1; i,−1)(w) =
{
aiw if i ∈ s/T + Z,
0 if i 6∈ s/T + Z.
(2.20)
By a similar argument, we have F (1, a, w|x1, x2) = YM (a, x2)w, Y
(s)
M (1, a|x2, x1−
x2)(w) = δs,0YM (a, x2)w and hence
Y
(s)
M (1, a; k, l)(w) = δs,0δl,−1akw. (2.21)
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Lemma 2.9. LetM be a (V, T )-module. Then, YM (a−21, x) = ddxYM (a, x).
Proof. Let a ∈ V,w ∈ M,k ∈ (1/T )Z and s ∈ Z with 0 ≤ s ≤ T − 1.
Taking j = s/T and l = −2 in (2.19), we have
Y
(s)
M (a,1;
s
T
+ k,−2)w +
s
T
Y
(s)
M (a,1;
s
T
+ k − 1,−1)w
=
{
−kas/T+k−1w if k ∈ Z,
0 if k 6∈ Z.
(2.22)
Let r ∈ Z with 0 ≤ r ≤ T − 1 and n ∈ r/T +Z. By (2.20) and (2.22),
we have
(a−21)nw =
T−1∑
s=0
Y
(s)
M (a,1;n,−2)(w)
=
T−1∑
s=0
Y
(s)
M (a,1;
s
T
+ (−
s
T
+ n),−2)(w)
=
T−1∑
s=0
−s
T
Y
(s)
M (a,1;
s
T
+ (−
s
T
+ n− 1),−1)(w) − (−
r
T
+ n)an−1w
=
−r
T
an−1w − (−
r
T
+ n)an−1w
= −nan−1w.
3 Subspaces of C[z, z−1]
Throughout this section we fix a non-positive integer ∆. This is the
lowest weight of a graded vertex algebra V = ⊕∞i=∆Vi which will
be discussed in Section 4. In this section we introduce a subspace
OT,1n,m(α, β; z) of C[z, z−1] (see (3.11) below) for n,m ∈ (1/T )N and
α, β ∈ Z and we study its properties. The subspace OT,1n,m(α, β; z) will
be used to define the subspace OT,1n,m(V ) of V in Section 4.
For N, q ∈ Z and Q ∈ Q, O(N,Q, q; z) denotes the subspace of
C[z, z−1] spanned by
Resx
(
(1 + x)Qxq+j
∑
i∈Z≤N
zix−i−1
)
=
N−q−j∑
i=0
(
Q
i
)
zi+q+j , j = 0,−1, . . . (3.1)
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and zi, i ∈ Z≥N+1. We note that if N ≤ q, then O(N,Q, q; z) =
C[z, z−1]. We also note that
O(N,Q, q; z) ⊂ O(N,Q, q + 1; z) ⊂ · · · . (3.2)
A similar computation as in the proof of Lemma 2.8 shows the follow-
ing lemma (or see [16, Proof of Lemma 2]).
Lemma 3.1. Fix N, q ∈ Z, Q ∈ Q and i ∈ Z≤N . Then
zi ≡
N−q∑
k=1
k∑
j=1
(
−Q
−i+ q + j
)(
Q
k − j
)
zq+k (mod O(N,Q, q; z)). (3.3)
The proof of the following lemma is similar to that of [16, Lemma
3].
Lemma 3.2. Let N ∈ Z, q0, . . . , qT−1 ∈ Z and Q0, . . . , QT−1 ∈ Q such
that Qi 6≡ Qj (mod Z) for all i 6= j. The diagonal map C[z, z
−1] ∋
f 7→ (f, . . . , f) ∈ C[z, z−1]⊕T induces an isomorphism
C[z, z−1]/
T−1⋂
s=0
O(N,Qs, qs; z)→
T−1⊕
s=0
C[z, z−1]/O(N,Qs, qs; z)
as vector spaces.
Proof. It is sufficient to show that the induced map is surjective. Note
that C[z, z−1]≥N+1 is a subspace of O(N,Qs, qs; z) for each s. Fix an
integer q such that q ≤ min{q0, . . . , qT−1}. We may assume q ≤ N
from the comment right after (3.1). Since O(N,Qs, q; z) is a subspace
of O(N,Qs, qs; z) for each s = 0, . . . , T −1, it is sufficient to show that
the diagonal map
C[z, z−1]N+1−T (N−q),N ∋ f
7→ (f +O(N,Qs, q; z))
T−1
s=0 ∈
T−1⊕
s=0
C[z, z−1]/O(N,Qs, q; z)
is surjective. For a Laurent polynomial Λ(z) =
∑N
i=N+1−T (N−q) λiz
i ∈
C[z, z−1]N+1−T (N−q),N , it follows by (3.3) that
Λ(z) ≡
N∑
i=N+1−T (N−q)
λi
N−q∑
k=1
k∑
j=1
(
−Qs
−i+ q + j
)(
Qs
k − j
)
zq+k
(mod O(N,Qs, q; z)) (3.4)
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for s = 0, . . . , T − 1. We denote
∑k
j=1
( −Qs
−i+q+j
)(
Qs
k−j
)
by αs,k−i+q for
0 ≤ s ≤ T −1, 1 ≤ k ≤ N − q and i ∈ Z. Define T T (N − q)× (N − q)-
matrices Γs, s = 0, . . . , T − 1 by
Γs =


αs,1(T−1)(N−q)−1 α
s,2
(T−1)(N−q)−1 · · · α
s,N−q
(T−1)(N−q)−1
αs,1(T−1)(N−q)−2 α
s,2
(T−1)(N−q)−2 · · · α
s,N−q
(T−1)(N−q)−2
...
...
...
αs,1−N+q α
s,2
−N+q · · · α
s,N−q
−N+q

 .
Since
(λN+1−T (N−q), λN+2−T (N−q), . . . , λN )Γs


zq+1
...
zN


is equal to the right-hand side of (3.4) for s = 0, . . . , T − 1, it is
sufficient to show that the square matrix
Γ = (Γ0 Γ1 · · · ΓT−1) (3.5)
of order T (N − q) is non-singular. It is proved in Subsection 6.1 that
Γ is non-singular.
For N ∈ Z and γ ∈ Q, define a linear automorphism ϕN,γ of
C[z, z−1] by
ϕN,γ(z
i)
=
{
(−1)i+1 Resx
(
(1 + x)γ−ixi
∑
j∈Z≤N z
jx−j−1
)
for i ≤ N ,
zi for i ≥ N + 1.
(3.6)
Lemma 3.3.
ϕN,γ(Resx
(
(1 + x)kxi
∑
j∈Z≤N
zjx−j−1
)
)
= (−1)i+1 Resx
(
(1 + x)γ−k−ixi
∑
j∈Z≤N
zjx−j−1
)
(3.7)
for k ∈ Q and i ∈ Z≤N . In particular, ϕ2N,γ = idC[z,z−1] and
ϕN,γ(O(N,Q, q; z)) = O(N, γ −Q− q, q; z)
for Q ∈ Q and q ∈ Z.
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Proof. We simply write ϕ = ϕN,γ . Let i ∈ Z≤N . Since
ϕ(zi) = (−1)i+1
N−i∑
j=0
(
γ − i
j
)
zi+j ,
we have
ϕ(Resx(1 + x)
kxi
∑
j∈Z≤N
zjx−j−1) =
N−i∑
j=0
(
k
j
)
ϕ(zi+j)
=
N−i∑
j=0
(
k
j
)
(−1)i+j+1
N−i−j∑
m=0
(
γ − i− j
m
)
zi+j+m
=
N−i∑
j=0
(
k
j
)
(−1)i+j+1+m
N−i−j∑
m=0
(
−γ + i+ j +m− 1
m
)
zi+j+m
=
N−i∑
l=0
(−1)i+1+lzi+l
∑
0≤j,m≤N−i
j+m=l
(
k
j
)(
−γ + i+ l − 1
m
)
=
N−i∑
l=0
(−1)i+1+lzi+l
(
k − γ + i+ l − 1
l
)
= (−1)i+1
N−i∑
l=0
(
−k + γ − i
l
)
zi+l
= (−1)i+1 Resx
(
(1 + x)γ−k−ixi
∑
j∈Z≤N
zjx−j−1
)
.
By this, ϕ2(zj) = zj for j ∈ Z. Since
ϕ(Resx
(
(1 + x)Qxq+d
∑
j∈Z≤N
zjx−j−1
)
= (−1)q+d+1Resx
(
(1 + x)γ−Q−q−dxq+d
∑
j∈Z≤N
zjx−j−1
)
= (−1)q+d+1
−d∑
m=0
(
−d
m
)
Resx
(
(1 + x)γ−Q−qxq+d+m
∑
j∈Z≤N
zjx−j−1
)
for d ∈ Z≤0, we have ϕN,γ(O(N,Q, q; z)) = O(N, γ −Q− q, q; z).
Throughout the rest of this section, m = l1 + i1/T, p = l2 +
i2/T, n = l3 + i3/T ∈ (1/T )N with l1, l2, l3 ∈ N and 0 ≤ i1, i2, i3 ≤
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T − 1. We always denote m, p, n as above until further notice. For
i, j ∈ (1/T )Z, r(i, j) denotes the integer uniquely determined by the
conditions
0 ≤ r(i, j) ≤ T − 1 and i− j ≡
r(i, j)
T
(mod Z). (3.8)
For 0 ≤ s ≤ T − 1, s∨ denotes the integer uniquely determined by the
conditions
0 ≤ s∨ ≤ T − 1 and i1 − i3 ≡ s+ s∨ (mod T ). (3.9)
For s = 0, . . . , T − 1 and α, β ∈ Z, define
O(T ;s),1n,m (α, β; z) = O(α+ β − 1−∆, α− 1 + l1 + δ(s ≤ i1) +
s
T
,
− l1 − l3 − δ(s ≤ i1)− δ(T ≤ s+ i3)− 1; z)
(3.10)
and
OT,1n,m(α, β; z) =
T−1⋂
s=0
O(T ;s),1n,m (α, β; z), (3.11)
where ∆ is the fixed non-positive integer as stated at the beginning of
this section and δ(i ≤ j) is defined in (2.1). For α, β ∈ Z, j ∈ Z≤0 and
s = 0, . . . , T − 1, Ψ
(T ;s)
n,m (α, β, j; z) denotes the Laurent polynomial in
O
(T ;s),1
n,m (α, β; z) defined by (3.1), that is,
Ψ(T ;s)n,m (α, β, j; z)
= Resx
(
(1 + x)α−1+l1+δ(s≤i1)+s/Tx−l1−l3−δ(s≤i1)−δ(T≤s+i3)−1+j
×
∑
i∈Z
i≤α+β−1−∆
zix−i−1
)
=
α+β−∆+l1+l3+δ(s≤i1)+δ(T≤s+i3)−j∑
i=0
(
α− 1 + l1 + δ(s ≤ i1) +
s
T
i
)
× zi−l1−l3−δ(s≤i1)−δ(T≤s+i3)−1+j . (3.12)
The disjoint union {Ψ
(T ;s)
n,m (α, β, j; z) | j = 0,−1, . . .} ∪ {zi | i ≥ α +
β −∆} spans O
(T ;s),1
n,m (α, β; z).
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Lemma 3.4. Let m′ = l′1 + i
′
1/T, n
′ = l′3 + i
′
3/T ∈ (1/T )N with
l′1, l
′
3 ∈ N and 0 ≤ i
′
1, i
′
3 ≤ T − 1. If m
′ ≤ m and n′ ≤ n, then
O
(T ;s),1
n,m (α, β; z) ⊂ O
(T ;s),1
n′,m′ (α, β; z) for α, β ∈ Z and s = 0, . . . , T − 1.
In particular, OT,1n,m(α, β; z) ⊂ O
T,1
n′,m′(α, β; z).
Proof. Let ρ1 = l1 + δ(s ≤ i1)− (l
′
1 + δ(s ≤ i
′
1)) and ρ3 = l3 + δ(T ≤
s+ i3)− (l
′
3+ δ(T ≤ s+ i
′
3)) for s = 0, . . . , T −1. It follows by m
′ ≤ m
and n′ ≤ n that ρ1 and ρ3 are non-negative integers. Since
Ψ(T ;s)n,m (α, β, j; z) =
ρ1∑
i=0
(
ρ1
i
)
Ψ
(T ;s)
n′,m′(α, β, j − ρ1 − ρ3 + i; z),
the proof is complete.
A direct computation shows
−s− s∨ + i1 − i3
T
+ δ(T ≤ s∨ + i3) = δ(s ≤ i1)− 1 (3.13)
for s = 0, . . . , T − 1 and hence
δ(s∨ ≤ i1) + δ(T ≤ s∨ + i3) = δ(s ≤ i1) + δ(T ≤ s+ i3). (3.14)
For a non-positive integer j, it follows by (3.7),(3.13) and (3.14) that
ϕα+β−1−∆,α+β+m−n−2(Ψ(T ;s
∨)
n,m (β, α, j; z))
= (−1)−l1−l3−δ(s≤i1)−δ(T≤s+i3)+j
× Resx
(
(1 + x)α−1+l1+δ(s≤i1)+s/T−jx−l1−l3−δ(s≤i1)−δ(T≤s+i3)−1+j
×
∑
i∈Z
i≤α+β−1−∆
zix−i−1
)
= (−1)−l1−l3−δ(s≤i1)−δ(T≤s+i3)+j
−j∑
k=0
(
−j
k
)
Ψ(T ;s)n,m (α, β, j + k; z)
and hence
ϕα+β−1−∆,α+β+m−n−2(O(T ;s
∨),1
n,m (β, α; z)) = O
(T ;s),1
n,m (α, β; z). (3.15)
Thus, ϕα+β−1−∆,α+β+m−n−2 induces an isomorphism
C[z, z−1]/O(T ;s
∨),1
n,m (β, α; z) → C[z, z
−1]/O(T ;s),1n,m (α, β; z) (3.16)
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and hence
C[z, z−1]/
T−1⋂
s=0
O(T ;s),1n,m (β, α; z)
∼= C[z, z−1]/
T−1⋂
s=0
O(T ;s),1n,m (α, β; z)
(3.17)
by Lemma 3.1.
For r = 0, . . . , T − 1 and i ∈ Z≤α+β−1−∆, it follows by the argu-
ment in the proof of Lemma 3.2 that there exists a unique Laurent
polynomial in C[z, z−1]α+β−∆−T (α+β−∆+l1+l3+2),α+β−1−∆, which we
denote by E
(T ;r)
n,m (α, β, i; z), such that
E(T ;r)n,m (α, β, i; z) ≡ δr,sz
i
(mod O(α+ β − 1−∆, α− 1 + l1 + δ(s ≤ i1) +
s
T
,−l1 − l3 − 3; z)),
s = 0, . . . , T − 1. (3.18)
We also define
E(T ;r)n,m (α, β, i; z) = 0 for i ∈ Z≥α+β−∆ (3.19)
for convenience. Since
−l1 − l3 − 3 ≤ −l1 − l3 − δ(s ≤ i1)− δ(T ≤ s+ i3)− 1,
it follows by (3.2), (3.18) and (3.19) that
E(T ;r)n,m (α, β, i; z) ≡ δr,sz
i (mod O(T ;s),1n,m (α, β; z)) (3.20)
for r, s = 0, . . . , T − 1 and i ∈ Z. It follows from Lemma 3.2 that
T−1∑
s=0
E(T ;s)n,m (α, β, i; z) ≡ z
i (mod OT,1n,m(α, β; z)) (3.21)
for i ∈ Z. Define a Laurent polynomial ΦTn,p,m(α, β; z) by
ΦTn,p,m(α, β; z)
=
l2∑
i=0
(
−l1 − l3 + l2 − δ(r(p, n) ≤ i1)− δ(T ≤ r(p, n) + i3)
i
)
× Resx
(
(1 + x)α−1+l1+δ(r(p,n)≤i1)+r(p,n)/T
× x−l1−l3+l2−δ(r(p,n)≤i1)−δ(T≤r(p,n)+i3)−i
∑
j∈Z
E(T ;r(p,n))n,m (α, β, j; z)x
−j−1)
∈ C[z, z−1]α+β−∆−T (α+β−∆+l1+l3+2),α+β−1−∆, (3.22)
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where r(p, n) is defined in (3.8). This is used to define the product
∗Tn,p,m on a vertex algebra in Section 4.
We denote SpanC{z
i ∈ C[z, z−1] | i 6= −1} by C[z, z−1]6=−1. The
following two results will be used to compute 1 ∗Tn,p,m a for a ∈ V in
Section 4.
Lemma 3.5. Let α, r ∈ Z with 0 ≤ r ≤ T − 1. Then
∑
j∈Z
E(T ;r)n,m (0, α, j; z)x
−j−1 ≡ δr,0z−1 (mod (C[z, z−1]6=−1)((x))).
Proof. Since
Ψ(T ;0)n,m (0, α, j; z) =
α+∆+l1+l3+1−j∑
i=0
(
l1
i
)
zi−l1−l3−2+j ∈ C[z, z−1]≤−2
for all j ∈ Z≤0, O
(T ;0),1
n,m (0, α; z) is a subspace of C[z, z−1]6=−1. By
(3.20), we have the desired result.
Lemma 3.6. For α ∈ Z, we have
ΦTn,p,m(0, α; z) ≡ δn,pz
−1 (mod C[z, z−1]6=−1).
Proof. If n 6≡ p (mod Z), then it follows by Lemma 3.5 that
ΦTn,p,m(0, α; z) ≡ 0 (mod C[z, z
−1]6=−1).
Suppose n ≡ p (mod Z). By Lemma 3.5 again, the same computation
as in the proof of [4, Lemma 4.7] shows
ΦTn,p,m(0, α; z) ≡ δn,pz
−1 (mod C[z, z−1]6=−1).
The following result will be used in order to obtain Lemma 4.3,
which induces the commutator formula in Lemma 5.9.
Lemma 3.7. For α, β ∈ Z, we have
ΦTn,p,m(α, β; z) − ϕα+β−1−∆,α+β+m−n−2(Φ
T
n,m+n−p,m(β, α; z))
− Resx(1 + x)
α−1+p−n∑
j∈Z
E(T ;r(p,n))n,m (α, β, j; z)x
−j−1 ∈ OT,1n,m(α, β; z).
(3.23)
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Proof. The proof is similar to that of [5, Lemma 3.4]. We simply write
r = r(p, n) and ϕ = ϕα+β−1−∆,α+β+m−n−2. It follows by
(m+ n− p)− n ≡
i1 − i2
T
≡
r∨
T
(mod Z)
that ΦTn,m+n−p,p(β, α; z) ∈ ∩s 6=r∨O
(T ;s),1
n,m (β, α; z), where r∨ is defined
in (3.9). Since ϕ(ΦTn,m+n−p,p(β, α; z)) ∈ ∩s 6=rO
(T ;s),1
n,m (α, β; z) by (3.15),
we have
ΦTn,p,m(α, β; z) − ϕ(Φ
T
n,m+n−p,m(β, α; z))
− Resx(1 + x)
α−1+p−n∑
j∈Z
E(T ;r)n,m (α, β, j; z)x
−j−1 ∈
⋂
s 6=r
O(T ;s),1n,m (α, β; z).
Thus, it is sufficient to show (3.23) modulo O
(T ;r),1
n,m (α, β; z) by Lemma
3.2. Define
ε =


1 if T ≤ i1 + i3 − i2,
0 if 0 ≤ i1 + i3 − i2 < T,
−1 if i1 + i3 − i2 < 0.
(3.24)
It follows by the formula of ε in the proof of [5, Lemma 3.4] and (3.14)
that
ΦTn,m+n−p,m(β, α; z)
=
l1+l3−l2+ε∑
i=0
(
−l1 − l3 + (l1 + l3 − l2 + ε)− δ(r
∨ ≤ i1)− δ(T ≤ r∨ + i3)
i
)
× Resx(1 + x)
β−1+l1+δ(r∨≤i1)+r∨/T
× x−l1−l3+(l1+l3−l2+ε)−δ(r
∨≤i1)−δ(T≤r∨+i3)−i
∑
j∈Z
E(T ;r
∨)
n,m (β, α, j; z)x
−j−1
=
l1+l3−l2+ε∑
i=0
(
−l2 − 1
i
)
Resx(1 + x)
β−1+l1+δ(r∨≤i1)+r∨/Tx−l2−1−i
×
∑
j∈Z
E(T ;r
∨)
n,m (β, α, j; z)x
−j−1.
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Thus, it follows by (3.7) that
ϕ(ΦTn,m+n−p,m(β, α; z))
=
l1+l3−l2+ε∑
i=0
(
−l2 − 1
i
)
(−1)−l2−iResx(1 + x)α−1+p−n+ix−l2−1−i
×
∑
j∈Z
E(T ;r)n,m (α, β, j; z)x
−j−1 (3.25)
and therefore
ϕ(ΦTn,m+n−p,m(β, α; z))
≡
l1+l3−l2+ε∑
i=0
(
−l2 − 1
i
)
(−1)−l2−iResx(1 + x)α−1+p−n+ix−l2−1−i
×
∑
j∈Z
j≤α+β−1−∆
zjx−j−1 (mod O(T ;r),1n,m (α, β; z)).
The same argument as in the proof of [5, Lemma 3.4] shows
ΦTn,p,m(α, β; z) − ϕ(Φ
T
n,m+n−p,m(β, α; z))
≡
l2∑
i=0
(
−l1 − l3 + l2 − ε− 1
i
)
× Resx
(
(1 + x)α−1+l1+δ(r≤i1)+r/Tx−l1−l3+l2−ε−1−i
∑
j∈Z
j≤α+β−1−∆
zjx−j−1
)
−
l1+l3−l2+ε∑
i=0
(
−l2 − 1
i
)
(−1)−l2−iResx(1 + x)α−1+p−n+ix−l2−1−i
∑
j∈Z
j≤α+β−1−∆
zjx−j−1
(mod O(T ;r),1n,m (α, β; z))
= Resx(1 + x)
α−1+p−n ∑
j∈Z
j≤α+β−1−∆
zjx−j−1.
The proof is complete.
Let l ∈ (1/T )N with l ≤ n,m. Then, it follows by Lemma 3.4 that
E(T ;r)n,m (α, β, i; z) ≡ E
(T ;r)
n−l,m−l(α, β, i; z) (mod O
T,1
n−l,m−l(α, β; z))
for α, β, i ∈ Z. The same computation as in the proof of [5, Proposition
4.3] shows the following lemma.
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Lemma 3.8. Let l ∈ (1/T )N with l ≤ n,m. Then
ΦTn,p,m(α, β; z) ≡ Φ
T
n−l,p−l,m−l(α, β; z) (mod O
T,1
n−l,m−l(α, β; z))
for α, β ∈ Z.
Let T ′ be a positive multiple of T and α, β ∈ Z. Set d = T ′/T . We
note that m = l1 + di1/T
′, p = l2 + di2/T ′ and n = l3 + di3/T ′. Thus
it follows by (3.10) that
O(T
′;dr),1
n,m (α, β; z) = O
(T ;r),1
n,m (α, β; z) (3.26)
for r = 0, . . . , T − 1. By this and (3.20), we have
E(T
′;dr)
n,m (α, β, i; z) ≡ δr,sz
i (mod O(T ;s),1n,m (α, β, i; z))
for i ∈ Z and r, s = 0, . . . , T − 1. Therefore, Lemma 3.2 implies
E(T
′;dr)
n,m (α, β, i; z) ≡ E
(T ;r)
n,m (α, β, i; z) (mod O
T,1
n,m(α, β; z))
for i ∈ Z and r = 0, . . . , T −1. By (3.22), we have the following result.
Lemma 3.9. Let T ′ be a positive multiple of T and α, β ∈ Z. Then
ΦT
′
n,p,m(α, β; z) ≡ Φ
T
n,p,m(α, β; z) (mod O
T,1
n,m(α, β; z)).
4 Associative algebras ATm(V ) and bi-
modules ATn,m(V )
Throughout the rest of this paper, we always assume the following
properties for a vertex algebra V : V has a grading V = ⊕∞i=∆Vi such
that ∆ ∈ Z≤0, 1 ∈ V0 and for any homogeneous element a ∈ V ,
aiVj ⊂ Vwt a−1−i+j , where Vi = 0 for i < ∆. Every vertex operator
algebra satisfies these properties. Throughout this section, we fix m =
l1 + i1/T, p = l2 + i2/T, n = l3 + i3/T ∈ (1/T )N with l1, l2, l3 ∈ N and
0 ≤ i1, i2, i3 ≤ T − 1.
In this section, we first define a product ∗Tn,p,m on V and a quotient
space ATn,m(V ) of V . In the following, we shall use a similar argument
as in [4, Section 3]. For a ∈ Vi, we denote i by wt a. Define
Eˆ(T ;s)n,m (a, b, i) = E
(T ;s)
n,m (wt a,wt b, i; z)|zj=ajb ∈ V (4.1)
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for homogeneous elements a, b of V and i ∈ Z, whereE
(T ;s)
n,m (wt a,wt b, i; z)
is defined in (3.18), and extend Eˆ
(T ;s)
n,m (a, b, i) for arbitrary a, b ∈ V by
linearity.
Let OT,0n,m(V ) be the subspace of V spanned by
{a−21+ (wt a+m− n)a ∈ V | homogeneous a ∈ V } (4.2)
and OT,1n,m(V ) the subspace of V spanned by
{
P (z)|zj=ajb ∈ V
∣∣∣ homogeneous a, b ∈ V and
P (z) ∈ OT,1n,m(wt a,wt b; z)
}
. (4.3)
A similar argument as in the proof of [17, Lemma 2.1.3] shows the
following lemma as stated in the proof of [4, Lemma 2.3].
Lemma 4.1. For homogeneous a, b ∈ V , we have
Resx(1 + x)
ixjY (b, x)a
≡ (−1)j+1Resx(1 + x)
wt a+wt b+m−n−2−i−jxjY (a, x)b (mod OT,0n,m(V )).
for i ∈ Q, j ∈ Z and homogeneous a, b ∈ V .
By (3.21), we have
T−1∑
s=0
Eˆ(T ;s)n,m (a, b, i) ≡ aib (mod O
T,1
n,m(V )) (4.4)
for i ∈ Z. Define
a ∗Tn,p,m b = Φ
T
n,p,m(wt a,wt b; z)|zj=ajb ∈ V (4.5)
for homogeneous a, b ∈ V , where ΦTn,p,m is defined in (3.22), and extend
a ∗Tn,p,m b for arbitrary a, b ∈ V by linearity. By Y (1, x) = idV and
Lemma 3.6, we have
1 ∗Tn,p,m a = δn,pa (4.6)
for a ∈ V .
Definition 4.2. Let OT,2n,m(V ) be the subspace of V spanned by
u ∗Tn,p3,m ((a ∗
T
p3,p2,p1 b) ∗
T
p3,p1,m c− a ∗
T
p3,p2,m (b ∗
T
p2,p1,m c))
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for all a, b, c, u ∈ V and all p1, p2, p3 ∈ (1/T )N. Define
OT,3n,m(V )
=
∑
p1,p2∈(1/T )N
(V ∗Tn,p2,p1 (O
T,0
p2,p1(V ) +O
T,1
p2,p1(V )) ∗
T
n,p1,m V
and
OTn,m(V ) = O
T,0
n,m(V ) +O
T,1
n,m(V ) +O
T,2
n,m(V ) +O
T,3
n,m(V ).
By (4.6), we have
(a ∗Tn,p2,p1 b) ∗
T
n,p1,m c− a ∗
T
n,p2,m (b ∗
T
p2,p1,m c) ∈ O
T,2
n,m(V )
for a, b, c ∈ V and p1, p2 ∈ (1/T )N.
Lemma 4.3. For a, b ∈ V , we have
a ∗Tn,p,m b− b ∗
T
n,m+n−p,m a
− Resx(1 + x)
wt a−1+p−n∑
j∈Z
Eˆ(T ;r(p,n))n,m (a, b, j)x
−j−1
∈ OT,0n,m(V ) +O
T,1
n,m(V ),
where r(p, n) is defined in (3.8).
Proof. We may assume a and b to be homogeneous elements of V . We
simply write r = r(p, n). Let ε be the integer defined in (3.24). By
Lemma 4.1 and (3.25), we have
b ∗Tn,m+p−n,m a
≡
l1+l3−l2+ε∑
i=0
(
−l2 − 1
i
)
(−1)−l2−iResx(1 + x)wt a−1+p−n+ix−l2−1−i
×
∑
j∈Z
Eˆ(T ;r)n,m (a, b, j)x
−j−1 (mod OT,0n,m(V ) +O
T,1
n,m(V ))
=
l1+l3−l2+ε∑
i=0
(
−l2 − 1
i
)
(−1)−l2−iResx(1 + x)wt a−1+p−n+ix−l2−1−i
×
∑
j∈Z
E(T ;r)n,m (wt a,wt b, j; z)|zk=akb x
−j−1
= ϕwt a+wt b−1−∆,wta+wt b+m−n−2(ΦTn,m+n−p,m(wt b,wt a; z))|zk=akb,
where ϕwt a+wt b−1−∆,wt a+wt b+m−n−2 is defined by (3.6). Thus, the
assertion follows from Lemma 3.7.
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By (4.6) and Lemmas 3.5 and 4.3, we have
a ∗Tn,m,m 1 ≡ a (mod O
T,0
n,m(V ) +O
T,1
n,m(V )) (4.7)
for a ∈ V .
The same argument as in the proof of [5, Lemma 3.8] shows the
following lemma.
Lemma 4.4. For m, p, n ∈ (1/T )Z, we have V ∗Tn,p,m O
T
p,m(V ) ⊂
OTn,m(V ) and O
T
n,p(V ) ∗
T
n,p,m V ⊂ O
T
n,m(V ).
We define
ATn,m(V ) = V/O
T
n,m(V ). (4.8)
If m = n, we simply write ATm(V ) = A
T
m,m(V ). By Definition 4.2,
(4.6), (4.7) and Lemma 4.4, we have the following result.
Theorem 4.5. Let m,n ∈ (1/T )N. Then, (ATm(V ), ∗
T
m,m,m) is an as-
sociative C-algebra and ATn,m(V ) is an A
T
n (V )-A
T
m(V )-bimodule, where
the left action of ATn (V ) is given by ∗
T
n,n,m and the right action of
ATm(V ) is given by ∗
T
n,m,m.
Lemmas 3.4 and 3.8 imply the following result.
Proposition 4.6. Let l,m, n ∈ (1/T )N with l ≤ n,m. Then OT,1n,m(V )
is a subspace of OT,1n−l,m−l(V ). Moreover, the identity map on V in-
duces a surjective algebra homomorphism ATm(V ) → A
T
m−l(V ) and a
surjective ATn (V )-A
T
m(V )-bimodule homomorphism A
T
n,m(V )→ A
T
n−l,m−l(V ).
Lemma 3.9 and (3.26) imply the following result.
Proposition 4.7. Let m,n ∈ (1/T )N and T ′ a positive multiple of T .
Then OT,1n,m(V ) is a subspace of O
T ′,1
n,m(V ). Moreover, the identity map
on V induces a surjective algebra homomorphism AT
′
m (V ) → A
T
m(V )
and a surjective AT
′
n (V )-A
T ′
m (V )-bimodule homomorphism A
T ′
n,m(V )→
ATn,m(V ).
Remark 4.8. Suppose V is a vertex operator algebra. Let g be an
automorphism of V of finite order t. In [5], a product ∗ng,m,p on V and
a quotient space Ag,n,m(V ) = V/Og,n,m(V ) of V are constructed for
each n, p,m ∈ (1/t)N. If g = idV , then ∗
n
g,m,p = ∗
n
m,p and Ag,n,m(V ) =
An,m(V ), where ∗
n
m,p is a product on V and An,m(V ) is a quotient
space of V constructed in [4].
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We shall discuss a relation between Ag,n,m(V ) and A
T
n,m(V ). Sup-
pose T = 1. Then ∗1n,p,m = ∗
n
m,p by the definition. Moreover, O
1,0
n,m(V )+
O1,1n,m(V ) = O′n,m(V ) by (3.10) and (3.11), where O′n,m(V ) is the sub-
space of V defined on p. 801 in [4]. Thus, O1n,m(V ) = On,m(V ) and
A1n,m(V ) = An,m(V ).
We shall use the notation in Remark 2.7 and [5]. For homo-
geneous a, b ∈ V and P (z) ∈ Ot,1n,m(wt a,wt b; z), the definition of
Ot,1n,m(wt a,wt b; z) implies
P (z)|zj=ajb =
t−1∑
r=0
P (z)|
zj=a
(g,r)
j b
∈ O′g,n,m(V ),
where O′g,n,m(V ) is the subspace of V defined on p. 4240 in [5]. Thus,
Ot,1n,m(V ) is a subspace of O′g,n,m(V ). We simply write r = r(p, n),
which is defined in (3.8). For s = 0, . . . , t− 1, we have
Eˆ(t;r)n,m (a
(g,s), b, i)− δr,sa
(g,s)
i b
= (E(t;r)n,m (wt a
(g,s),wt b, i; z) − δr,sz
i)|
zj=a
(g,s)
j
b
∈ O′g,n,m(V )
since E
(t;r)
n,m (wt a(g,s),wt b, i; z) − δr,sz
i ∈ O
(t;s),1
n,m (wt a(g,s),wt b; z) by
(3.20). Therefore, by (3.22) and (4.5) we have
a ∗tn,p,m b =
∑
s 6=r
a(g,s) ∗tn,p,m b+ a
(g,r)∗tn,p,m
≡ a(g,r) ∗ng,m,p b (mod O
′
g,n,m(V )).
We conclude that Ot,1n,m(V ) ⊂ Og,n,m(V ) and Ag,n,m(V ) is a quotient
space of Atn,m(V ).
For an automorphism group G of V of finite order, the same argu-
ment as above shows AG,n(V ) in [16] is a quotient space of A
|G|
n (V ).
5 (1/T )N-graded (V, T )-modules and ATn,m(V )
Throughout this section, we always assume the properties mentioned
at the beginning of Section 4 for a vertex algebra V as stated there.
In this section, for m ∈ (1/T )N we describe a relation between the
ATm(V )-modules and the (1/T )N-graded (V, T )-modules defined below.
A generalization of twisted modules 29
Definition 5.1. A (1/T )N-graded (V, T )-moduleM is a (V, T )-module
with a (1/T )N-grading M = ⊕n∈(1/T )NM(n) such that
aiM(n) ⊂M(n +wt a− i− 1)
for homogeneous a ∈ V and i, n ∈ (1/T )N, whereM(n) = 0 for n < 0.
For a (1/T )N-graded (V, T )-module M , a (V, T )-submodule N of
M is called (1/T )N-graded (V, T )-submodule of M if N is a (1/T )N-
graded (V, T )-module such that every homogeneous subspace of N is
contained in some homogeneous subspace of M . A non-zero (1/T )N-
graded (V, T )-module M is called simple if there is no (1/T )N-graded
submodule of M except 0 and M itself.
In the following, we shall use a similar argument as in [4, Section
4]. Throughout this section, m = l1 + i1/T, n = l3 + i3/T ∈ (1/T )N
with l1, l2 ∈ N and 0 ≤ i1, i3 ≤ T − 1. Until Proposition 5.7, M =
⊕i∈(1/T )NM(i) is a (1/T )N-graded (V, T )-module. Without loss of
generality, we can shift the grading of a (1/T )N-graded (V, T )-module
M so that M(0) 6= 0 if M 6= 0.
Define a linear map on,m : V → HomC(M(m),M(n)) by
on,m(a) = awt a+m−n−1 (5.1)
for homogeneous a ∈ V and extend on,m(a) for an arbitrary a ∈ V by
linearity. If m = n, we simply write o = om,m. Define a linear map
Z
(s)
M,n,m(a, b;−) : C[z, z
−1]→ HomC(M(m),M) by
Z
(s)
M,n,m(a, b; z
i) = Y
(s)
M (a, b; wt a+wt b+m− n− 2− i, i) (5.2)
for s = 0, . . . , T−1 and homogeneous a, b ∈ V and extend Z
(s)
M,n,m(a, b;−)
for arbitrary elements a, b ∈ V by linearity. Lemma 2.8 implies
that the image of Z
(s)
M,n,m(a, b; f(z)) : M(m) → M is contained in
M(n) for f(z) ∈ C[z, z−1]. That is, Z(s)M,n,m(a, b;−) : C[z, z
−1] →
HomC(M(m),M(n)).
Lemma 5.2. For s = 0, . . . , T−1 and homogeneous a, b ∈ V , Z
(s)
M,n,m(a, b;−) =
0 on O
(T ;s),1
n,m (wt a,wt b; z).
Proof. It is sufficient to show that Z
(s)
M,n,m(a, b; Ψ
(T ;s)
n,m (wt a,wt b, d; z)) =
0 for all d ∈ Z≤0. Let w ∈ M(m). Since YM (Y (a, x0)b, x2)w ∈
M((x
1/T
2 ))((x0))≥−wt a−wt b+∆, it follows by Remark 2.6 that
Y
(s)
M (a, b|x2, x0)(w) ∈M((x
1/T
2 ))((x0))≥−wt a−wt b+∆. (5.3)
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Let
j = wt a− 1 + l1 + δ(s ≤ i1) +
s
T
,
k = wt b− 1 + l1 + δ(s
∨ ≤ i1) +
s∨
T
− d and
l = −l1 − l3 − δ(s ≤ i1)− δ(T ≤ s+ i3)− 1 + d,
where s∨ is defined in (3.9). Since aj+i = bk+i = 0 on M(m) for all
i ∈ N, it follows by (2.16), (3.13) and (5.3) that
Z
(s)
M,n,m(a, b; Ψ
(T ;s)
n,m (wt a,wt b, d; z))(w)
=
wt a+wt b−1−∆−l∑
i=0
(
j
i
)
Y
(s)
M (a, b; j + k − i, l + i)(w)
=
∞∑
i=0
(
j
i
)
Y
(s)
M (a, b; j + k − i, l + i)(w)
= 0.
Lemma 5.3. For u ∈ OT,0n,m(V ) +O
T,1
n,m(V ), on,m(u) = 0 on M(m).
Proof. Let a, b be homogeneous elements of V . It follows by Lemma
2.9 that on,m(a−21 + (wt a + m − n)a) = 0 on M(m). Let P (z) =∑
i∈Z λiz
i ∈ OT,1n,m(wt a,wt b; z). It follows by Lemma 5.2 that on
M(m)
on,m(
∑
i∈Z
λiaib) =
∑
i∈Z
λion,m(aib)
=
T−1∑
s=0
∑
i∈Z
λiY
(s)
M (a, b; wt a+wt b+m− n− 2− i, i)
=
T−1∑
s=0
∑
i∈Z
λiZ
(s)
M,n,m(a, b; z
i)
=
T−1∑
s=0
Z
(s)
M,n,m(a, b;P (z))
= 0.
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Lemma 5.4. For a, b ∈ V and w ∈M(m)
on,m(a ∗
T
n,p,m b)w = on,p(a)op,m(b)w.
Proof. We may assume a and b to be homogeneous elements of V .
We simply write r = r(p, n), which is defined in (3.8). By (3.20) and
Lemma 5.2, we have
Z
(r)
M,n,m(a, b;E
(T ;r)
n,m (wt a,wt b, j; z))(w)
= Z
(r)
M,n,m(a, b; z
j)(w)
= Y
(r)
M (a, b; wt a+wt b+m− n− 2− j, j) (5.4)
for j ∈ Z. We write ΦTn,p,m(wt a,wt b; z) =
∑
i∈Z λiz
i, λi ∈ C. By
(5.4), we have
on,m(a ∗
T
n,p,m b)w =
∑
i∈Z
λion,m(aib)w
=
T−1∑
s=0
∑
i∈Z
λiY
(s)
M (a, b; wt a+wt b+m− n− 2− i, i)(w)
=
T−1∑
s=0
Z
(s)
M,n,m(a, b; Φ
T
n,p,m(wt a,wt b; z))(w)
= Z
(r)
M,n,m(a, b; Φ
T
n,p,m(wt a,wt b; z))(w)
=
l2∑
i=0
(
−l1 − l3 + l2 − δ(r ≤ i1)− δ(T ≤ r + i3)
i
)
× Resx
(
(1 + x)wt a−1+l1+δ(r≤i1)+r/Tx−l1−l3+l2−δ(r≤i1)−δ(T≤r+i3)−i
×
∑
j∈Z
Z
(r)
M,n,m(a, b;E
(T ;r)
n,m (wt a,wt b, j; z))(w)x
−j−1)
=
l2∑
i=0
(
−l1 − l3 + l2 − δ(r ≤ i1)− δ(T ≤ r + i3)
i
)
× Resx
(
(1 + x)wt a−1+l1+δ(r≤i1)+r/Tx−l1−l3+l2−δ(r≤i1)−δ(T≤r+i3)−i
×
∑
j∈Z
Y
(r)
M (a, b; wt a+wt b+m− n− 2− j, j)(w)x
−j−1). (5.5)
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Let µ = −l1 − l3 + l2 − δ(r ≤ i1)− δ(T ≤ r + i3) and i ∈ Z. Then
Resx
(
(1 + x)wt a−1+l1+δ(r≤i1)+r/Txµ−i
×
∑
j∈Z
Y
(r)
M (a, b; wt a+wt b+m− n− 2− j, j)(w)x
−j−1)
=
∞∑
k=0
(
wt a− 1 + l1 + δ(r ≤ i1) + r/T
k
)
× Y
(r)
M (a, b; wt a+wt b+m− n− 2− µ+ i− k, µ− i+ k)(w)
=
∞∑
k=0
(
wt a− 1 + l1 + δ(r ≤ i1) + r/T
k
)
× Resx2 Resx1−x2
(
xwt a+wt b+m−n−2−µ+i−k2 (x1 − x2)
µ−i+k
× Y
(r)
M (a, b|x2, x1 − x2)(w)
)
= Resx2 Resx1−x2
(
x
wt a−1+l1+δ(r≤i1)+r/T
1 x
wt b−1+l1+δ(r∨≤i1)+r∨/T−l2+i−1
2
× (x1 − x2)
−l1−l3+l2−δ(r≤i1)−δ(T≤r+i3)−iY (r)M (a, b|x2, x1 − x2)(w)
)
,
where we used (3.13) in the last step and r∨ is defined in (3.9). Thus,
(5.5) becomes
on,m(a ∗
T
n,p,m b)w
=
l2∑
i=0
(
−l1 − l3 + l2 − δ(r ≤ i1)− δ(T ≤ r + i3)
i
)
× Resx2 Resx1−x2
(
x
wt a−1+l1+δ(r≤i1)+r/T
1 x
wt b−1+l1+δ(r∨≤i1)+r∨/T−l2+i−1
2
× (x1 − x2)
−l1−l3+l2−δ(r≤i1)−δ(T≤r+i3)−iY (r)M (a, b|x2, x1 − x2)(w)
)
.
(5.6)
The rest of the proof is the same as that of [5, Lemma 5.1] by (2.17).
The following result is a direct consequence of Lemma 5.4.
Corollary 5.5. If M is generated by one homogeneous element w as
a (V, T )-module, then M = {aiw | a ∈ V, i ∈ (1/T )Z}.
We define an ATn (V )-A
T
m(V )-bimodule structure on HomC(M(m),M(n))
by
(afb)(w) = a(f(bw))
A generalization of twisted modules 33
for f ∈ HomC(M(m),M(n)), a ∈ A
T
n (V ), b ∈ A
T
m(V ) and w ∈M(m).
For a (V, T )-module W and m ∈ (1/T )N, define
Ωm(W )
= {w ∈W | awt a−1+kw = 0 for all homogeneous a ∈ V and k > m }.
Clearly, ⊕mi=0M(i) ⊂ Ωm(M).
Lemmas 5.3 and 5.4 imply the following results.
Lemma 5.6. For u ∈ OTn,m(V ), on,m(u) = 0 on M(m). The lin-
ear map on,m : V → HomC(M(m),M(n)) induces an A
T
n (V )-A
T
m(V )-
bimodule homomorphism from ATn,m(V ) to HomC(M(m),M(n)).
Proposition 5.7. LetW be a (V, T )-module. Then o : V → EndC(Ωm(W ))
induces a representation of ATm(V ). In particular, M(m) is a left
ATm(V )-module.
For a left ATm(V )-module U , set
M(U) =
⊕
n∈(1/T )N
ATn,m(V )⊗ATm(V ) U
and M(U)(n) = ATn,m(V )⊗ATm(V ) U for every n ∈ (1/T )N. For homo-
geneous a ∈ V and i ∈ (1/T )Z, define an operator ai from M(U)(n)
to M(U)(n +wt a− i− 1) by
ai(b⊗ u) =
{
(a ∗Tn+wt a−i−1,n,m b)⊗ u if n+wt a− i− 1 ≥ 0,
0 if n+wt a− i− 1 < 0
(5.7)
for b ⊗ u ∈ M(U)(n) with b ∈ V and u ∈ U . This operation is
well-defined (cf. [4, p.815]). We extend ai for an arbitrary a ∈ V by
linearity and set
YM(U)(a, x) =
∑
i∈(1/T )Z
aix
−i−1 :M(U)→M(U)((x1/T )).
We shall show (M(U), YM(U)) is a (1/T )N-graded (V, T )-module.
For homogeneous a, b ∈ V , s ∈ Z with 0 ≤ s ≤ T − 1, i ∈ (1/T )Z and
j ∈ Z, define a linear map Y
(s)
M(U)(a, b; i, j) :M(U)(n)→M(U)(wt a+
wt b− i− j − 2 + n) by
Y
(s)
M(U)(a, b; i, j)(c ⊗ u)
= (Eˆ
(T ;s)
wt a+wt b−i−j−2+n,n(a, b, j) ∗
T
wt a+wt b−i−j−2+n,n,m c)⊗ u (5.8)
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for c ⊗ u ∈ M(U)(n) with c ∈ V and u ∈ U . This operation is
also well-defined. We extend Y
(s)
M(U)(a, b; i, j) for arbitrary a, b ∈ V by
linearity and set
Y
(s)
M(U)(a, b|x2, x0) =
∑
i∈(1/T )Z
∑
j∈Z
Y
(s)
M(U)(a, b; i, j)x
−i−1
2 x
−j−1
0 .
It follows by (3.19) and (4.1) that Y
(s)
M(U)(a, b|x2, x0) is a linear map
from M(U) to M(U)((x
1/T
2 ))((x0)).
From now on, we simply write M =M(U). By (4.4) we have
T−1∑
s=0
Y
(s)
M (a, b; i, j)(c ⊗ u)
=
T−1∑
s=0
(Eˆ
(T ;s)
wt a+wt b−i−j−2+n,n(a, b, j) ∗
T
wt a+wt b−i−j−2+n,n,m c)⊗ u
= ((ajb) ∗
T
wt a+wt b−i−j−2+n,n,m c)⊗ u
= (ajb)i(c⊗ u)
for homogeneous a, b ∈ V and c ⊗ u ∈ M(n) with c ∈ V and u ∈ U .
Thus
T−1∑
s=0
Y
(s)
M (a, b|x2, x0)(w) = YM (Y (a, x0)b, x2)w (5.9)
for w ∈M .
Lemma 5.8. (1) aiM(n) = 0 for homogeneous a ∈ V and i >
wt a− 1 + n.
(2) YM (1, x) = idM .
Proof. Clearly, (1) holds. Let a ⊗ u ∈ M(n) with a ∈ V and c ∈ U .
By Lemma 3.6, we have
1i(a⊗ u) = (1 ∗
T
−i−1+n,n,m a)⊗ u
= δi,−1(1−1a)⊗ u = δi,−1a⊗ u
for i ∈ (1/T )Z.
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Lemma 5.9. Let a, b be homogeneous elements of V , i, j ∈ (1/T )Z
and r the integer uniquely determined by the conditions 0 ≤ r ≤ T − 1
and r/T ≡ i (mod Z). Then
[ai, bj ]w =
∞∑
k=0
(
i
k
)
Y
(r)
M (a, b; i+ j − k, k)(w)
for w ∈M . In particular,
(x1 − x2)
l[YM (a, x1), YM (b, x2)] = 0
for l ∈ Z≥max{wt a+wt b−∆,0}.
Proof. Let c ⊗ u ∈ M(n) with c ∈ V and u ∈ U . By Lemma 4.3, we
have
aibj(c⊗ u)− bjai(c⊗ u)
= (a ∗Twt a+wt b−i−j−2+n,wt b−1−j+n,m (b ∗
T
wt b−1−j+n,n,m c))⊗ u
− (b ∗Twt a+wt b−i−j−2+n,wta−1−i+n,m (a ∗
T
wt a−1−i+n,n,m c)) ⊗ u
= ((a ∗Twt a+wt b−i−j−2+n,wt b−1−j+n,n b) ∗
T
wt a+wt b−i−j−2+n,n,m c)⊗ u
− ((b ∗Twt a+wt b−i−j−2+n,wta−1−i+n,n a) ∗
T
wt a+wt b−i−j−2+n,n,m c)⊗ u
= (Resx(1 + x)
i(
∑
p∈Z
Eˆ
(T ;r)
wt a+wt b−i−j−2+n,n(a, b, p)x
−p−1) ∗Twt a+wt b−i−j−2+n,n,m c)⊗ u
=
( ∞∑
k=0
(
i
k
)
Eˆ
(T ;r)
wt a+wt b−i−j−2+n,n(a, b, k) ∗
T
wt a+wt b−i−j−2+n,n,m c
)
⊗ u
=
∞∑
k=0
(
i
k
)
Y
(r)
M (a, b; i + j − k, k)(c ⊗ u).
The last formula follows from this and Remark 2.6 (cf. [14, Remark
3.1.13]).
We recall that Y rM (a, x) denotes
∑
i∈r/T+Z aix
−i−1 for a ∈ V (cf.
(2.11)).
Lemma 5.10. Let a, b ∈ V with a being homogeneous, l, r ∈ N with
0 ≤ r ≤ T − 1 and n = l3 + i3/T ∈ (1/T )N with l3, i3 ∈ N and
0 ≤ i3 ≤ T − 1. Then
Resx0 x
l
0(x2 + x0)
wt a−1+l3+δ(r≤i3)+r/TY (r)M (a, b|x2, x0)(w)
= Resx0 x
l
0(x0 + x2)
wt a−1+l3+δ(r≤i3)+r/TY rM (a, x0 + x2)YM (b, x2)w
for w ∈M(n).
A generalization of twisted modules 36
Proof. Using Lemma 5.9, we obtain the formula by the same compu-
tation as in the proof of [5, Lemma 5.9].
Lemma 5.11. Let a, b ∈ V with a being homogeneous, r ∈ N with
0 ≤ r ≤ T − 1 and n = l3 + i3/T ∈ (1/T )N with l3 ∈ N and 0 ≤ i3 ≤
T − 1. Then
Resx0 x
−l
0 (x2 + x0)
wt a−1+l3+δ(r≤i3)+r/TY (r)M (a, b|x2, x0)(w)
= Resx0 x
−l
0 (x0 + x2)
wt a−1+l3+δ(r≤i3)+r/TY rM(a, x0 + x2)YM (b, x2)w
for w ∈M(n).
Proof. Let c⊗ u ∈M(n) with c ∈ V and u ∈ U . We may assume b to
be a homogeneous element of V . We shall show
Resx0 x
−l
0 (x2 + x0)
wt a+qxwt b−q2 Y
(r)
M (a, b|x2, x0)(c ⊗ u)
= Resx0 x
−l
0 (x0 + x2)
wt a+qxwt b−q2 Y
r
M (a, x0 + x2)YM (b, x2)c⊗ u,
where q = −1 + l3 + δ(r ≤ i3) + r/T . We have
Resx0 x
−l
0 (x2 + x0)
wt a+qxwt b−q2 Y
(r)
M (a, b|x2, x0)(c⊗ u)
=
∞∑
j=0
∑
k∈(1/T )Z
(
wt a− 1 + l3 + δ(r ≤ i3) + r/T
j
)
x−k−1+wta+wt b−j2
× Y
(r)
M (a, b; k, j − l)(c⊗ u)
=
∞∑
j=0
∑
k∈(1/T )N
(
wt a− 1 + l3 + δ(r ≤ i3) + r/T
j
)
x−l+k−n+12
× Y
(r)
M (a, b; wt a+wt b− j + l − k + n− 2, j − l)(c⊗ u)
=
∞∑
j=0
∑
k∈(1/T )N
(
wt a− 1 + l3 + δ(r ≤ i3) + r/T
j
)
x−l+k−n+12
× (Eˆ
(T ;r)
k,n (a, b, j − l) ∗
T
k,n,m c)⊗ u
=
∑
k∈(1/T )N
x−l+k−n+12 (Resx x
−l(1 + x)wt a−1+l3+δ(r≤i3)+r/T
× (
∑
j∈Z
Eˆ
(T ;r)
k,n (a, b, j)x
−j−1) ∗Tk,n,m c)⊗ u. (5.10)
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On the other hand, applying the same computation as in the proof
of [5, Lemma 5.10] to
Resx0 x
−l
0 (x0 + x2)
wt a+qxwt b−q2 Y
r
M (a, x0 + x2)YM (b, x2)(c⊗ u)
=
T−1∑
s=0
Resx0 x
−l
0 (x0 + x2)
wt a+qxwt b−q2 Y
r
M (a, x0 + x2)Y
s
M (b, x2)(c⊗ u),
we have
Resx0 x
−l
0 (x0 + x2)
wt a+qxwt b−q2 Y
r
M (a, x0 + x2)YM (b, x2)(c⊗ u)
=
T−1∑
s=0
∑
k∈(i3−r−s)/T+Z
0≤k
x−l+k−n+12
×
∑
j∈(i3−s)/T+Z
0≤j≤k+l3+δ(r≤i3)+r/T−l
(
−l
−j + l3 + δ(r ≤ i3) + r/T − l + k
)
× (−1)−j+l3+δ(r≤i3)+r/T−l+k(a ∗Tk,j,m (b ∗
T
j,n,m c))⊗ u
≡
T−1∑
s=0
∑
k∈(i3−r−s)/T+Z
0≤k
x−l+k−n+12
×
∑
j∈(i3−s)/T+Z
0≤j≤k+l3+δ(r≤i3)+r/T−l
(
−l
−j + l3 + δ(r ≤ i3) + r/T − l + k
)
× (−1)−j+l3+δ(r≤i3)+r/T−l+k((a ∗Tk,j,n b) ∗
T
k,n,m c))⊗ u
(mod OTn,m(V )((x2))). (5.11)
Moreover, for each k = l4 + (i3 − r − s)/T ∈ (i3 − r − s)/T + Z with
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k ≥ 0 and l4 ∈ Z, we have
∑
j∈(i3−s)/T+Z
0≤j≤k+l3+δ(r≤i3)+r/T−l
(
−l
−j + l3 + δ(r ≤ i3) + r/T − l + k
)
× (−1)−j+l3+δ(r≤i3)+r/T−l+ka ∗Tk,j,n b
=
l4+l3+δ(r≤i3)+δ(s≤i3)−l−1∑
p=0
(
−l
p
)
(−1)p
l4+l3+δ(r≤i3)+δ(s≤i3)−l−1−p∑
i=0
(
−p− l
i
)
× Resx(1 + x)
wt a−1+l3+δ(r≤i3)+r/Tx−p−l−i
∑
j∈Z
Eˆ
(T ;r)
k,n (a, b, j)x
−j−1
= Resx x
−l(1 + x)wt a−1+l3+δ(r≤i3)+r/T
∑
j∈Z
Eˆ
(T ;r)
k,n (a, b, j)x
−j−1
(5.12)
by [4, Proposition 5.3]. By (5.10)–(5.12) the proof is complete.
By Lemmas 5.10 and 5.11, we have the following result.
Lemma 5.12. Let a, b ∈ V with a being homogeneous, r ∈ N with
0 ≤ r ≤ T − 1 and n = l3 + i3/T ∈ (1/T )N with l3, i3 ∈ N and
0 ≤ i3 ≤ T − 1. Then
(x2 + x0)
wt a−1+l3+δ(r≤i3)+r/TY (r)M (a, b|x2, x0)
= (x0 + x2)
wt a−1+l3+δ(r≤i3)+r/TY rM(a, x0 + x2)YM (b, x2)
on M(n).
By (5.9) and Lemmas 2.4, 5.8, 5.9 and 5.12, the same argument as
in the proof of [4, Theorem 4.13] shows the following theorem.
Theorem 5.13. Let U be a left ATm(V )-module. Then M(U) =
⊕n∈(1/T )NATn,m(V ) ⊗ATm(V ) U is a (1/T )N-graded (V, T )-module with
M(U)(n) = ATn,m(V ) ⊗ATm(V ) U and the following universal prop-
erty: for a (V, T )-module W and an ATm(V )-homomorphism σ : U →
Ωm(W ), there is a unique homomorphism σ¯ : M(U) → W of (V, T )-
modules that extends σ. Moreover, if U cannot factor through ATm−1/T (V ),
then M(U)(0) 6= 0.
The following result immediately follows from Theorem 5.13 (cf.
[7, Theorem 4.9]).
A generalization of twisted modules 39
Corollary 5.14. For every m ∈ (1/T )N, there is a bijection between
the set of isomorphism classes of simple left ATm(V )-modules which
cannot factor through ATm−1/T (V ) and that of simple (1/T )N-graded
(V, T )-modules.
6 Appendix
6.1 The determinant of a matrix
In this subsection we shall show that the matrix Γ in (3.5) is non-
singular. Let b, t be positive integers and x0, . . . , xt−1 indetermi-
nates. We denote by En the n × n identity matrix. Define α
k
i (xs) =∑k
j=1
( xs
i+j
)(−xs
k−j
)
∈ C[xs] for 0 ≤ s ≤ t− 1, 1 ≤ k ≤ b and i ∈ Z. Note
that
degαki (xs) = i+ k (6.1)
for i ∈ N. Define t bt× b-matrices As, s = 0, . . . , t− 1 by
As =


α1(t−1)b−1(xs) α
2
(t−1)b−1(xs) · · · α
b
(t−1)b−1(xs)
α1(t−1)b−2(xs) α
2
(t−1)b−2(xs) · · · α
b
(t−1)b−2(xs)
...
...
...
α1−b(xs) α
2
−b(xs) · · · α
b
−b(xs)

 (6.2)
and set A = (A0 · · ·At−1). The following result implies Γ is non-
singular.
Proposition 6.1.
detA =
∏
0≤i<j≤t−1
b−1∏
k=−b+1
( xi − xj + k
b(j − i) + k
)b−|k|
.
Proof. Since
(α1i (xs), . . . , α
b
i (xs))
= (
(
xs
i+ 1
)
,
(
xs
i+ 2
)
, . . . ,
(
xs
i+ b
)
)


1
(−xs
1
) (−xs
2
)
· · ·
(−xs
b
)
0 1
(−xs
1
) . . . ...
...
. . .
. . .
. . .
(−xs
2
)
...
. . .
. . .
(−xs
1
)
0 · · · · · · 0 1


,
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the determinant of A is equal to that of B = (B0 · · ·Bt−1), where
Bs =


( xs
(t−1)b
) ( xs
(t−1)b+1
)
· · ·
( xs
tb−1
)
( xs
(t−1)b−1
) ( xs
(t−1)b
)
· · ·
( xs
tb−2
)
...
...
...(
xs
−b+1
) (
xs
−b+2
)
· · ·
(
xs
0
)

 , s = 0, . . . , t− 1.
The same argument as in the proof of [16, Proposition 9] shows that
(xi − xj + k)
b−|k| is a factor of detB for each 0 ≤ i < j ≤ t − 1 and
−b+ 1 ≤ k ≤ b− 1. Thus, there is c ∈ C[x0, . . . , xt−1] such that
detB = c
∏
0≤i<j≤t−1
b−1∏
k=−b+1
(xi − xj + k)
b−|k|.
Since αki (xs) = δi+k,0 for i < 0, we have As =
(A′s
Eb
)
, s = 0, . . . , T − 1,
where
A′s =


α1(t−1)b−1(xs) α
2
(t−1)b−1(xs) · · · α
b
(t−1)b−1(xs)
α1(t−1)b−2(xs) α
2
(t−1)b−2(xs) · · · α
b
(t−1)b−2(xs)
...
...
...
α10(xs) α
2
0(xs) · · · α
b
0(xs)

 .
It follows by
(
E(t−1)b −A′0
O Eb
)
A =
(
O A′1 −A
′
0 · · · A
′
t−1 −A
′
0
Eb Eb · · · Eb
)
(6.3)
that detA = (−1)(t−1)b2 det
(
A′1 −A
′
0 · · · A
′
t−1 −A
′
0
)
. Thus, the
degree of detA ∈ C[x0, . . . , xt−1] is at most
(t
2
)
b2 by (6.1). Since the
degree of
∏
0≤i<j≤t−1
∏b−1
k=−b+1(xi − xj + k)
b−|k| is equal to
(t
2
)
b2, we
have c ∈ C.
Substituting ((t− 1)b, (t− 2)b, . . . , 0) for (x0, x1, . . . , xt−1), we ob-
tain
1 = c
∏
0≤i<j≤t−1
b−1∏
k=−b+1
(b(j − i) + k)b−|k|.
The proof is complete.
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6.2 Some improvements of results on AG,n(V )
The purpose of this subsection is to improve Theorems 1 and 2 in [16].
Let V = ⊕∞j=∆Vj be a vertex operator algebra and G an automorphism
group of V of finite order t. For g ∈ G and n ∈ (1/t)N, Og,n(V ) is the
subspace of V defined in [8].
In [16], under the condition that ∆ = 0, we constructed an associa-
tive algebra AG,n(V ) for each n ∈ (1/t)Z in Theorem 1 and got a dual-
ity theorem of Schur-Weyl type in Theorem 2 by using AG,n(V ). The
condition that ∆ = 0 was used in order to show the non-singularity
of a matrix in [16, Lemma 3].
We shall show [16, Theorems 1 and 2] without assuming ∆ = 0.
To do this, it is sufficient to show the following lemma, which is an
improvement of [16, Lemma 3], by using Eˆ
(t;s)
n,m (a, b, i) defined in (4.1).
We note that the existence of Eˆ
(t;s)
n,m (a, b, i) follows from Lemma 3.2
and Proposition 6.1. We use the notation in Remark 2.7.
Lemma 6.2. For a, b ∈ V = ⊕∞j=∆Vj, 0 ≤ r ≤ t−1, p ∈ Z, n ∈ (1/t)N
and g ∈ G, we have
Eˆ(t;r)n,n (a, b, p) ≡ a
(g,r)
p b (mod Og,n(V ))
Proof. We may assume a, b to be homogeneous. We write n = l+ i/t
with l, i ∈ N and 0 ≤ i ≤ t − 1. We use the notation in Section 3.
It follows from (3.1) that the image of the subspace O(wt a + wt b −
1 − ∆,wt a − 1 + l + δ(s ≤ i) + s/t,−2l − 3; z) of C[z, z−1] under
the map C[z, z−1] ∋ f 7→ f |
zj=a
(g,s)
j b
∈ V is contained in Og,n(V ) for
s = 0, . . . , t− 1. By (3.18), we have
Eˆ(t;r)n,n (a, b, p) = E
(t;r)
n,n (wt a,wt b, p; z)|zj=ajb
=
∑
s 6=r
E(t;r)n,n (wt a,wt b, p; z)|zj=a(g,s)j b
+ E(t;r)n,n (wt a,wt b, p; z)|zj=a(g,r)j b
≡ a(g,r)p b (mod Og,n(V )).
7 List of Notations
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δ(i ≤ j) =
{
1 if i ≤ j,
0 if i > j.
Y sM(a, x) =
∑
i∈s/T+Z aix
−i−1 where YM(a, x) =
∑
i∈(1/T )Z aix
−i−1.
O(N,Q, q; z) the subspace of C[z, z−1] spanned by
Resx
(
(1 + x)Qxq+j
∑
i∈Z≤N z
ix−i−1
)
, j = 0,−1, . . . and
zi, i ∈ Z≥N+1 where N, q ∈ Z and Q ∈ Q.
ϕN,γ ϕN,γ(z
i) =
{
(−1)i+1 Resx
(
(1 + x)γ−ixi
∑
j∈Z≤N z
jx−j−1
)
for i ≤ N ,
zi for i ≥ N + 1.
for zi ∈ C[z, z−1].
r(i, j) the integer uniquely determined by the conditions that 0 ≤
r(i, j) ≤ T − 1 and i − j ≡ r(i, j)/T (mod Z) where i, j ∈
(1/T )Z and T ∈ Z>0.
s∨ the integer uniquely determined by the conditions that 0 ≤
s∨ ≤ T − 1 and i1 − i3 ≡ s + s∨ (mod T ) where T ∈ Z>0
and i1, i3, s ∈ Z with 0 ≤ i1, i3, s ≤ T .
O
(T ;s),1
n,m (α, β; z) = O(α+ β − 1−∆, α− 1 + l1 + δ(s ≤ i1) +
s
T
,
−l1 − l3 − δ(s ≤ i1)− δ(T ≤ s+ i3)− 1; z).
OT,1n,m(α, β; z) =
⋂T−1
s=0 O
(T ;s),1
n,m (α, β; z).
Ψ
(T ;s)
n,m (α, β, j; z) = Resx
(
(1+x)α−1+l1+δ(s≤i1)+s/Tx−l1−l3−δ(s≤i1)−δ(T≤s+i3)−1+j
×
∑
i∈Z
i≤α+β−1−∆
zix−i−1
)
(cf. (3.12)).
E
(T ;r)
n,m (α, β, i; z) the Laurent polynomial in
C[z, z−1]α+β−∆−T (α+β−∆+l1+l3+2),α+β−1−∆ uniquely deter-
mined by the condition (3.18).
ΦTn,p,m(α, β; z) =
∑l2
i=0
(−l1−l3+l2−δ(r(p,n)≤i1)−δ(T≤r(p,n)+i3)
i
)
× Resx
(
(1 + x)α−1+l1+δ(r(p,n)≤i1)+r(p,n)/T
×x−l1−l3+l2−δ(r(p,n)≤i1)−δ(T≤r(p,n)+i3)−i
∑
j∈ZE
(T ;r(p,n))
n,m (α, β, j; z)x−j−1
)
(cf. (3.22)).
Eˆ
(T ;s)
n,m (a, b, i) = E
(T ;s)
n,m (wt a,wt b, i; z)|zj=ajb ∈ V .
a ∗Tn,p,m b = Φ
T
n,p,m(wt a,wt b; z)|zj=ajb ∈ V .
OT,0n,m(V ) the subspace of V spanned by
{a−21+ (wt a+m− n)a ∈ V | homogeneous a ∈ V }.
OT,1n,m(V ) the subspace of V spanned by{
P (z)|zj=ajb ∈ V
∣∣∣ homogeneous a, b ∈ V and
P (z) ∈ OT,1n,m(wt a,wt b; z)
}
.
OT,2n,m(V ) the subspace of V spanned by
u ∗Tn,p3,m ((a ∗
T
p3,p2,p1 b) ∗
T
p3,p1,m c− a ∗
T
p3,p2,m (b ∗
T
p2,p1,m c)) for
all a, b, c, u ∈ V and all p1, p2, p3 ∈ (1/T )N.
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OT,3n,m(V ) =
∑
p1,p2∈(1/T )N(V ∗
T
n,p2,p1 (O
T,0
p2,p1(V )+O
T,1
p2,p1(V )) ∗
T
n,p1,m V .
OTn,m(V ) = O
T,0
n,m(V ) +O
T,1
n,m(V ) +O
T,2
n,m(V ) +O
T,3
n,m(V ).
Z
(s)
M,n,m(a, b; z
i) = Y
(s)
M (a, b; wt a+wt b+m− n− 2− i, i).
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